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12 Quadratic Functions

12-1 Quadratic Equations with Perfect Squares

Objective: To solve quadratic equations involving perfect squares.

Vocabulary
Perfect square An expression such as 2, x - 1)2, or 2x + 5)2.

Roots of x2 = k£ An equation in the form ‘‘perfect square = k>’ (k = 0) can
be solved by the method shown in Examples 1 and 2.

Ifk>0, then x* = k has 2 real roots:  x = ++/k.

Ifk =0, thenx’ = khaslrealroot: x = 0.
Ifk<0, then x2 = k has no real roots.
Example 1 Solve: a.m?> =36 b.32=48 ¢ ®-11=0 d m>=-25
Solution a. m? = 36 b. 372 =48
m = ++36 P =16
m= %6 r= %16 = +4
The solution set is {6, —6}. The solution set is {4, —4}.
.2 -1l =0 d. m? = =25
2 =1l Since the square of any real
x = 11 number is always a nonnegative
The solution set is {v/iT, —TT}. number, there is no real solution.

Solve. Express irrational solutions in simplest radical form. If the 5 5
equation has no solution, write No solution. 3. {'E’ sy
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12-1 Quadratic Equations with Perfect Squares (continued)

Solve. Express irrational solutions in simplest radical form. If the
equation has no solution, write No solution.

13. x — 32 =0 {3} 4. (z — 1)2 = 16 {-3, 5}
16. x — 12 =25 {~4,6}) 17. 2x + 92 =225 {-12,3} 18. (t — 4? =9 {7,1}

15. (- — 5% = 100 {-5, 15}

Example 3  Solve:  a. 3(x — 2)% = 21 b. 2 + 10y + 25 = 36
Solution a. 3¢ — 2)2 =21 b. Y2 + 10y + 25 = 36
x—-2%=17 (& + 572 =36

x—2==%7 y+ 5= %36
x=2%47 y+5==%6

x=2+7 or x=2—-+7 y=-5%6

The check is left to you. y=1 o y=-=11

The solution set is
£2+V7,2 -7}

Note: Example 3(b) could also have been solved by factoring.

The check is left to you.
The solution set is {1, —11}.

Solve. Express irrational solutions in simplest radical form. If the
equation has no solution, write No solution.

19. 9m? — 1 =35 {2, -2}  20.27 =272 -5 {4, -4}
22. 64 =22 — 8 {6, -6} 23. 2% + 6 = 38 {4, -4}
25. 3(m — 22 = 15 26. 400 = 4(z — 2)* {12, =8} 27. 2(x — 5)2 = 98 {-2, 12}
28,25 = @x + 1)? {~3,2} 29.5m — 3> =80 {~1,7} 30. 6(z + 5% =216 {11, 1}

3136 — 12 = =24 Nosol. 32. 3x — )2 + 12 = 4Nosol. 33. 6(x + 5 = 24 {-7, -3}
1

25. {2 + V5,2 - 5}
21. 322 — 9 =33 {Vi4, -4}

24, 72 + 1 = 64 {3, -3}

25
L2 =49 {7, -7} 2.22=18 {3, -3} 3.°=% 4. > = ~16 No sol. 34, 7(x + 2% = 112 {~6,2} 35 (x — 22 — 1 = 35{8, =4} 36. 231 — 1) = 8 {1, -3}
5. 2x% = 128 {8, ~8} 6. 5x> = 125 {5, =5} 7. 9x* = 81 {3, -3} 8.2 — 81 = 0{9, -9} 37.32x — 1)? =27 {2, =1} 38. 2(x + 3)2 — 4 = 68 39, 5(x — 12 +3 =23 {-1,3)}
9. 2% +25 =0 0.m—-10=0  1.0=6"-24  12.0=3m" 75 4.2 -2 +1=9 {-2,4} 41 2 + 18 + 81 = 98 2.2 — 12x + 36 = 64
No sol. {~10, —~/10} {2, ~2} {5, -5}
43. 22 —4x +4 =16 {-2,6}44. 22 + 10x + 25 = 81 45. n* — 8n + 16 = 36
Example 2  Solve (x + 3)2 = 49 {~14,4} {10, -2}
A 2 = : ot Qe . « .
Solution  (x +3)" =49 Note that (x + 3)? is a perfect square. Mixed Review Exercises 38. {-9,3} 41.{-9 + 7V2, -9 ~ 792} 42. {14, -2}
X+ 3= %49 Find the positive or negative square root of each side.
x=-3%7 Subtract 3 from each side. Express each square as a trinomial.
B gt =10 ) Lr—82x2— 16x+64 2. x+ 1% 4x2+ 8x +1 3. (4 — 3% 16x2 - 24x + 9
Check: (4 + 3)? = 49 (—10 + 3)2 5 49 . 5 3 . ) 5 4
72 =49 (=7 =49 4. (=2 + 3 46 - 12¢ + 95. (x + ) X 4 oX + 35 6 <x—§)2 W - 2R e
49 = 49 49 = 49/ , ‘ '
The solution set is {4, —]0} 1. (—;'l + 713‘)2 8. (’;—X = %)2 9. (x + 1])2 X2 + 22x + 121
LT . | A2 _1,.4
4x+3x+9 16)( 3x+9
Study Guide, ALGEBRA, Structure and Method, Book 1 Study Guide, ALGEBRA, Structure and Method, Book 1
203 204 Copyright © by Houghton Mifflin Company. All rights reserv

Copyright © by Hought~ - Mifflin Company. All rights reserved.
/

( (



NAME

DATE

12-2 Completing The Square

Obijective: To solve quadratic equations by completing the square.

Method of Completing the Square

A method of transforming a quadratic equation so that it is in the form

perfect square = k (k= 0).

For x2 + bx + 2.:

/

NA\.‘ DATE

12-2 Completing the Square (continued)

Solve by completing the square.

7.2+ 8x=—15 {8, -5} 8. 2 +6x=—8 {-2, -4} 9. 2 +4xr=5 {-5,1}

10. x> - 7x—8=0 {=1,8} 1.2 ~-3x—4=0 {-1,4} 12. 2 +x~12=0 {-4,3}
B.y? +7y=—12 {-3, -4} 14. x> — 5n = 36 {-4,9} 15. 22 + 3x = 10 {=5,2}
16. 2 — 9y + 8 =0 {8,1} 17.x2 — 5x — 50 = 0{—5,10}18. x2 — 3x — 40 = 0 {-5, 8}

1. Find half the coefficient of x: % Example 3  Solve 3x* — 5x — 2 = 0 by completing the square.
2. Square the result of Step 1: ( _Q)Z Solution 32 —5c=2 Move the constant term to the right side.
2 2_5._2 { Divide both sides by 3 so that
3. Add the result of Step 2 to 22 + bx: 2+ bx+ ( g)z 5 53 ; g . the coefficient of x will be 1.
e (SFeg sl Complete t
4. You have completed the square: X2+ bx + (-b-)z = (x + —b—)z 3 <6) 3 (6> Sples e sgue.
2 2 PRS2 2 2
3 36 3 36
Example 1  Complete the square: (x — i)z = A0
6 36
a +6x+ 1 b. 2 —4x+ 2 s _ L7
X '— = =X -
6 6
7 = 2 _ = —_ 2
Solution a2 +6x+9=(@x+3) b2 —dx+4=0—2) 5,7
6~ 6
6y _ _4y
(2) =3 ( 2) * x=2 mx:-%
1.x%2 - 8x + 16 = (x — 4)? The check is left for you. The solution set is {2, ——;-}
Complete the square. X2 - 10x + 25 = (x - 5)2  v2 - 20v + 100 = (v — 10)?
1.2 -8+ 2 2.2 -1+ 2 32 -2+ 2
4.2 -1+ 2 5.2 - 18+ 2 6.2+ 2+ 2 Slvedyempleiing thesqre. ; s
2-12c+36=(c~-62 xX-1Bx+8=(x-92 x>+2x+1=(x+1)> 19.20% =n = 6=0{-5,2020. 20 +x—1=0{-1,512L. 27 =Sy = 12 { -7, 4
22 — 5y — 3 = 1 = 1 -1 = 3
Example 2  Solve x> + 3x — 10 = 0 by completing the square. 2.2 ~ 5x -3 0{_ 2’3}23' 3+ 1k =4 {‘4’ 3} 24. 52 + d4x — 1 0{_1’ 5}
Solution 2 4 3x =10 Move the constant term to the right side. Solv:zthe equations by (a} completing ;l;e squareand () by factoring, 226' {—3; 15} {-20, 3}
2+ 3+ (%)2 =10 + (%)2 Half of the coefficient ofxis%. 25 — 122 $A3 = 2 {8, 7} 6. 18 45 = % 27. " + 172 — 60 = 01
. 5 28.3x2—5x=2{—3,2} 29.2x2+x=10{—5,2} 30. 22 — 1lx = =5 {;,5}
243+ ke 10 + r Square it and add the result to both sides.
Solve. Write irrational roots in simplest radical form.
f TREAL . tant
perfect square (x >) =7  constan 31y + 8y = -10 32. 4% —4x =7 33.3% —6x—2=0
s #dmt (-4 + /6, -4 - V&) {L'e_zzﬁl_—.iw_z} {L%_ﬁiz_:s_ﬁ_S}
- Mixed Review Exercises
=-2%73
_=3%7 Simplify. 2|a%|b?|c|Vi5bc
) 25 1. V140 2435 2. V1200 20v3 3. Viexty? ax?yPVy 4. V60aB53
x=2 or x=—
X 4 n
The check is left for you. The solution set is {—5, 2}. 5. 3-x T3 %3 6. 1+ 2 -1 7.20x — )+ &+ 53 + 1)
X2 - x + 12 2n? - 1 3x% + 22x + 3
B - x(3 + x) n2 - 1
Study Guide, ALGEBRA, Structure and Method, Book 1 Study Guide, ALGEBRA, Structure and Method, Book 1
= Copyright © by Houghton Mifflin Company. All rights reserved. 205 206 Copyright © by Houghton Mifflin Company. All rights reserved.

€0



o1

NAME DATE

12-3 The Quadratic Formula

Objective: To learn the quadratic formula and use it to solve equations.
The Quadratic Formula

The solutions of a quadratic equation in the form of a + bx+c=0,
a # 0and b2 — dac = 0 are given by the formula

b NP —dac
2a :
Example 1 Use the quadratic formula to solve 3x2 + 5x ~ 2 = 0.
Solution x = ——b‘i‘\é}’T‘%, wherea = 3,b = 5,and ¢ = —2.
V52 — a3)(=2
x = =8 (5%(3) 4LH=2) Substitute the given values of a, &, and ¢.
_ -5+ 25 + 24
B 6
_ -5t V49 _ -5%7
- 6 6
=S5+7 _2_1 _=5-7_ -2 _ _
¥E T T e T3 METTTR 3 2
The check is left to you. The solution set is [% ~2t.

Use the quadratic formula to solve each equation.

L2 +3%x—10=0{-52} 228 +7=0{7,1} 3.2+ -3=0{-31}
4. 32 — 14x +24 =0 {2,12} 5. i +5n —6 =0 {—6,1} 6. x> — 6x — 40 = 0 {—4, 10}
722 + 3 -2 =0{-2, 8.3u2—5u—2=0{2,—%} 9.3x2—10x—8=0{4,-—%}
10.3.\(2*12)'—1:0 11.1\2—5%—7=0 12.5x2+64\-—8=0

{-51) {-12 (-2 5]

Example 2 Use the quadratic formula to solve x> = x — 6.
Solution 2-x+6=0 Rewrite the equation in standard form.
s 2 :
X = —Lt-—\*/b_ﬂ wherea = 1,b = —1,and ¢ = 6.
2a

(=D EN(-D?—40X6) _ 1+ NT 24 _ 1% V=23

B 2(1) = 2 2

Since Vb2 — 4ac = V=23 and V=23 isn’t a real number, there is no real solution.

NAME DATE
12-3 The Quadratic Formula (continued)
1 g
Use the quadratic formula to solve each equation. 17. {‘ rias '5} {2 + 34,2 — V34)

15. 22 — 4x = 30
18. 3:* —- 3x + 4 = 0 No sol.

13. 2~ 4x+6=0 Nosol. 14. 22 =3x — | %,1
16. 22 + 2x + 5 = 0 Nosol. 17. 42 + 20x = =9

Example 3  Use the quadratic formula to solve 2x> — 3x — 4 = 0. Give irrational roots in
simplest radical form and then approximate them to the nearest tenth. You may wish
to use a calculator.

Solution 22 ~3x ~4=0

—b £ B2 — 4ac
x = l;w,wherea =2,b=~3andc = —4.

IR )]

Substitute the given values of @, b, and c.

2(2)
=3xS+ 3 Simplify.
_asva
4
Since VAT = 6.40,x = 284 =935 = 2.4
orx = 2584 = —085 ~ —0.9

The check is left to you.
The solution set is [3+—‘1\/—~H, i—:f/ﬂ} or {2.4, —0.9}.

Use the quadratic formula to solve each equation. Give irrational
roots in simplest radical form and then approximate them to the
nearest tenth. You may wish to use a calculator.

19-24. Answers given at the
back of this Answer Key.

19. 22 =8 - 5 20. 32 + 2x =2 2. 2 —4x—-10=0
2.2 -4x-2=0 23,22 —4dx +1=0 24. 32 -8 4+2=0
25,22 + 1 = 3x {%1} 26. 32 + x = 2 {-1,%} 27. 42 ~ 11x = 3 {3,—%}

1. { -3, 7, and the real numbers between -3 and 7}
3. {the real numbers between -4 and 1}
4. {3 and the real numbers between 0 and 3}

Solve each open sentence and graph its solution set.Graphs given at the back of this Answer Key.
Lx—-2/=5 2.2y +5/=4{-3,-7} 3. 2n+3l<5

4. 1< 22417 5. Jx =5 {25} 6. V3n + 1 =6 {7}

7. 2V2x = 12 {18} 8. |3 + 24 =11 {4, =7} 9.32 —m| =12 {~2,6}

Mixed Review Exercises

Solve by completing the square.

10. X2 - 8x + 12 =0 {6,2} 11. 32 + 6x =0 {0, -2} 12. ¢ ~c=12 {-3,4}
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12-4 Graphs of Quadratic Equations: The Discriminant

Objective: To use the discriminant to find the number of roots of the equation
ax?2 + bx + ¢ = 0 and the number of x-intercepts of the graph of
the related equationy = ax? + bx + c.

Vocabulary

x-intercept The x-coordinate of a point where the curve of a parabola
intersects the x-axis.

Discriminant For a quadratic equation in the form ax® + bx + ¢ = 0, the
value of b2 — 4ac is called the discriminant.

Number of different Number of x-intercepts
Value of .
b2 — dac real roots of of the graph of
al +bx+c=0 y=a? +bx +c
Case 1 positive 2 2
Case 2 zero 1 (a double root) 1
Case 3 negative 0 0
Example 1 Write the value of the discriminant of each equation. Then use it to decide how

many different real-number roots the equation has. (Do not solve.)

a2 —-4dx—-5=0 b.2-6x+9=0 c. X -3x+5=0
Solution a2 -4 -5=0

Substitute @ = 1, b = —4, and ¢ = -3 in the discriminant formula.
P2 — dac = (—4)? — 4(1)(=5) = 16 — 4(=5) = 16 + 20 = 36

Since the discriminant is positive, 12 — 4x — 5 = 0 has two real roots.

b.x* —~6x+9 =0

Substitute a = 1, b = —6, and ¢ = 9 in the discriminant formula.
b — dac = (—6)% — 4(1)(9) = 36 — 36 = 0

Since the discriminant is zero, %2 — 6x + 9 = 0 has one real root.

.2 -3 +5=0

Substitute @ = 1, b = —3, and ¢ = 5 in the discriminant formula.
b2 —dac = (=32 ~ H)G5) = 9 — 20 = —11

Since the discriminant is negative, x> ~ 3x + 5 = 0 has no real roots.

i (
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12-4 Graphs of Quadratic Equations: The Discriminant (continued)

Write the value of the discriminant of each equation. Then use it to

decide how many different real-number roots the equation has. (Do 6. -11; none

not solve.) -11; none 12. -32; none
1.2 -3%x+2=01two 2. %2-3x+5=0 3. %% — 8 + 16 = 0 0; one
4. 22 —5cx —4=057;two 5.4y> — 12y +9 =0 0;one 6.3%—5+3=0

7.2 +n—-6=049;two 8. 5% — 8 +4 =0 9.2 —Tx + 5 =0 9;two
10. 4m? — 20m + 25 =0 1. 32 — 7x + 2 =0 25;two 12. —3b2 +2b — 3 =0
13, 22 +6x—3 =0 14. 3x2 — 4x = 6 88; two 15. 2 —x+ 1 =0 -3; none

8. —16; none 10. 0; one 13. 12; two
Example 2  Determine (a) how many x-intercepts the parabola y = 4x — 22 + 5 has and

(b) whether its vertex lies above, below, or on the x-axis. (Do not draw the graph.)

Solution a. The x-intercepts of the graph are the roots of the equation
0=4r—x+5 o —-Z+4+5=0
Its discriminant is 2 — 4ac = (4)% — 4(—1)(5) = 36, which is positive.
The equation has two real roots.
The parabola has two x-intercepts.

b. Since the coefficient of x2 is negative, the parabola opens downward. Its vertex
must be above the x-axis (otherwise, the parabola would not intersect the x-axis
in two points).

Without drawing the graph of the given equation, determine (a) how
many x-intercepts the parabola has and (b} whether its vertex lies

above, below, or on thz’ xo-?xis. two; above
16. y=x* ~x — 6"pelow  17-y = =% + 3x + 4 18. y = % + 9 — 6x one; on
19. y =22 +x+3 20, y = 5x — 2 + 32 21. y = 42 + 4x + 1 one; on
. none; above two; below
Mixed Review Exercises
2
Simplify. Assume no denominator equals zero. 5 2 O e

T2(x - 1)x + 1)

V2-1 6 -3 /8c3 \/:Q_g_ 4c? . - s R
1. 5 3 B4 5 af3r E 3. 327 — 10v3 + V12 V3
2x + 6 2 X 3
4. 5. + 6. (3.1-10%@.2- 102
3,52+ 6 Xx+2) ®~1 T x+2 oy PRl S

Find the vertex and the axis of symmetry of the graph of each equation.
7.y =22 (0,0;x =0 8.y=x>+6x+9

8.(-3,0;5x = -3
9.y=22+5(0,5);x=0

10, y = 2 — 2x 1.y = —x% + 4 12.y=x2+4x -5
(1, =1 x =1 (2,4); x = 2 (=2, -9);x = =2
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12-5 Methods of Solution

Objective: To choose the best method for solving a quadratic equation.

Methods for Solving a

Quadratic Equation When to Use the Method

1. Using the quadratic formula 1. If an equation is in the form ax?+bx +c=0,
especially if you use a calculator.

2. Factoring 2. If an equation is in the form ax® + bx = 0,
or if the factors are easily seen.

3. Using the property of square roots 3. If an equation is in the form ax® + ¢ =0.

of equal numbers
4. Completing the square 4. If an equation is in the form 24+br+c=0

and b is an even number.

Example Solve each quadratic equation using the most appropriate method.
a. 62 -54=0 b.22-Tx+5=0
.22 —-28=0 d.n+6n—-16=0
Solution a.6x2 ~54=0 The equation has the form ax? + ¢ = 0.
6x2 = 54  Therefore, use the property of square roots of equal numbers.
2=9
x =43

The solution set is {—3, 3}.

b.2x2 —7x + 5 =0  The equation has the form ax? + bx + ¢ = 0.

—(=1 £V (=72 — 425

x = 20) Therefore, use the quadratic formula.
_ 1+ —40
4
_71+9
4
_ 143
4
gold3_10 o 7-3 4
4 4 4 4

The solution set is {—g—, 1}.

The equation has the form ax?> + bx = 0.
Therefore, factor.

c. 22 -28=0
20t — 14) =0
20=0 or t—14=0
t=0 or t =14

The solution set is {0, 14}.

Study Guide, ALGEBR# <tructure and Method, Book 1
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12-5 Methods of Solution (continued)

d. n2 +6n—16 =0 The equation has the form x* + bx + ¢ = 0.

n? + 6n = 16 Therefore, complete the square.
2+ 6n+9=16+9
(n+32=25
n+3=+v25
n=-3+5

The solution set is {—8, 2}.

5. {-3 + V11, -3 - Y11}

Solve each quadratic equation using the most appropriate method. . N
Write irrational answers in simplest radical form. You may wish 11. {2 + V2,2 - v/2}
to use a calculator. 16. {1 + V2,1 - 2}

L2 +3x+2=0 {-1, =2} 2. 22 — 2c = 24 {6, -4} 3. 62 = 96 {-4, 4}

4.62 — 12x =0 {0, 2} 5. 2+6r—2=0 6.2x2+x=10{—~:—,2}

7.2+ 5c=6 {~6,1} 8.2x2—7x+3=0{3,%} 9. 42 — 36x = 0 {0, 9}

10. (x — 22 =9 {5, -1} 1. x2-4x+2=0 12. 4x2+4x—3=0{%,——3—}

2

13. 22 — 4x =12 {6, -2} 4. 2 — 11x +24 =0 {3,8} 15. 22 +3x =18 {-6, 3}

16. x2 — 2x =1 17. m?2 —2m =35 {-5,7} 18. 222 — 8x + 8 = 0 {2}

19. 22 + 5¢c = =2 {-% —2}20. W —Tx=6 {-% 3} 21, 42 + 45— 15 =0

2.62 - 13y -8=0 23. 502 + 14n — 3 = 0 24.2x2+3x=27{——g—,3}

25.2x2—9x+7=0{1,%} 26.%=2"‘5{ ] 3} g Eol o EE] o

3 T2 2 +1 3x—1
5 3 1 8 1
21. {——, _} 22. {_7, 7} 23. {—3, —}
Mixed Review Exercises 22 23 5
Evaluate if x = 1, y = 3, and z = —4. Write irrational expressions in simplest
radical form.
1. +Vy?2 — 4xz 45 2. —Vy? + 4x -V13 3. \/;2 — 4xy 2
4. V2 + 4xy 2V7 5. +Vx2 — dyz +7 6. Vx? + 4yz Not a real
number

Solve. Write irrational roots in simplest radical form. 1
7.4x2+4x—15=0{—i-3—} 8.2d2—3d~77=(){7"T}
C3e—1=p 3+ Y13 3-+Vi3)
|

2’ 2
9.2+ D(x +3) = @2x + Dx +5) —2 {1} 10. 2 s 2
12, 82 + 14y = -3 {-%, -%}

.32 +4p+1=0 {-% —1}
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12-6 Solving Problems Involving Quadratic Equations
Objective: To use quadratic equations to solve problems.

Example A landscaper wishes to design a rectangular formal garden that will be 6 m
longer than the width. If the area of the garden is to be 135 m?, find the
length and the width.

Solution

Step 1 The problem asks for the length and the width of the garden.

Step 2 Let x = the width in meters.
Then x + 6 = the length in meters.

Step 3 Use the formula for the area of a rectangle to write an equation.
Length X Width = Area

x(x + 6) = 135

Step 4 Solve. X2 + 6x = 135
¥ +6x+9=135+9

(x + 3)2 = 144
x+3=+V144

x+3=+12

x = -3+ 12
x=9 or x=-—15

Step 5 Disregard the negative root since a negative length has no meaning.

Check:  9: 99 + 6) = 135
9(15) £ 135
135 = 135 v/

The width of the garden is 9 m and the length is 15 m.

Solve. Give irrational roots to the nearest tenth. Use your calculator or a
table of square roots as necessary.

1. The sum of a number and its square is 72. Find the number. 8 or -9
2. The sum of a number and its square is 30. Find the number. 5 or —6
3. The difference of a number and its square is 110. Find the number. 11 or —10
4. The difference of a number and its square is 132. Find the number. 12 or —11

5. The width of a rectangular garden is 4 m shorter than the length. If the
area of the garden is 320 m?, find the length and the width. length, 20 m; width, 16 m

6. An architect wants to design a rectangular building such that the area of
the floor is 400 yd2. The length of the floor is to be 10 yd longer than the
width. Find the length and the width of the floor. length, 25.6 yd; width, 15.6 yd

Study Guide, ALGEBRA, Structure and Method, Book 1
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12-6 Solving Problems Involving Quadratic Equations (continued)

Solve. Give irrational roots to the nearest tenth. Use your calculator or a
table of square roots as necessary.
7. The length of a rectangle is 3 times the width. The area of the rectangle is
48 cm?. Find the length and the width. length, 12 cm; width, 4 cm

8. The length of a rectangular park is 5 m longer than the width. If the area
of the park is 150 m2, find the length and the width. length, 15 m; width, 10 m

9. The length of a rectangle is twice the width. The area of the rectangle is
72 m?. Find the length and the width. length, 12 m; width, 6 m
10. The length of the base of a triangle is twice its altitude. If the area of the triangle
is 144 cm?, find the altitude. (Hint: Area of a triangle = —;— X base X height.) 12 cm

11. The altitude of a triangle is 5 m less than its base. The area of the triangle
is 80 m?. Find the base. 15.4 m

12. If the sides of a square are increased by 3 cm, its area becomes 144 cm?.
Find the length of the sides of the original square. 9 cm

13. If the sides of a square are increased by 4 cm, its area becomes 196 cm?,
Find the length of the sides of the original square. 10 cm

14. If you square a positive number, add ten times the number and subtract
84, the result is 180. What is the number? 12

15. Oscar has a rectangular garden that measures 18 m by 15 m. Next year he
wants to increase the area to 340 m? by increasing the width and the length
by the same amount. What will be the dimensions of the garden next year? 20 m by 17 m

16. Working alone, Carrie can paint a house in 3 h less than Walter. Together
Carrie and Walter can paint a house in 8 h. How long does it take Walter
to paint a house alone? 17.6 h

17. Andrea can ride her bike 2 mi/h faster than Ruby. It takes Andrea 48 min
less to travel 50 mi than it does Ruby. What is Andrea’s rate in mi/h? 12.2 mi/h

Mixed Review Exercises

Solve.

Vo _ 5 V-2 _ 3 N3k 1 (4
L= 20 2 =5 38 & 5= I5]

12 _ 36 2 o - X2 = -
4. 2= {18} 5. m = 12m — 32 {4, 8} 6. = +x=2 {2, -4}

In Exercises 7-9, (xq, y;) and (x,, y,) are ordered pairs of the same direct
variation. Find the missing value.

8 x =8y =_2_10 9. x; =
5 X2=__'__,}’2=8

Toxy=1y =3

il

X =6y=_1 18 X, =4,y
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12-7 Direct and Inverse Variations Involving Squares

Objective: To use quadratic direct variation and inverse variation as a square in problem solving.

Vocabulary

Quadratic direct variation A function of the form
y = kx2, where k is a nonzero constant.
You say that y varies directly as x* or that y is directly proportional to X2,
If (x|, y;) and (x,, y,) are ordered pairs of the same quadraiic variation,
and neither x; nor x, is zero, then
i) S/

FER)

Inverse variation as the square A function of the form

x2y =k, where & is a nonzero constant,
or y= —-k—, where x # 0.
2
x

You say that y varies inversely as x or y is inversely proportional to X2,
If (x;, y;) and (x,, y,) are ordered pairs of the function defined by X2y = k, then

x?yy = %%

Example 1  Given that a varies directly as the square of d, and ¢ = 18 when d = 3, find
the value of d whena = 8.
Solution 1 Usea = kd®: 18 = 9% Solution2 2L =%
2=k d? 42
a =2’ 18 _ 8
Fora = 8: 8 = 2d? 32 dy?
4 = 42 2
18d,~ = 72
+2=d 2
d? =4
dy = £2

TR TR . N . . N .
CAUTION Remember that in a particular situation you must check each root to see if it makes sense.

Solve. Give roots to the nearest tenth. You may wish to use a calculator,

1. Given that d varies directly as the square of 7 and 4 = 16 when ¢t = 2, find
the value of d when z = 3. 36

2. Given that A varies directly as the square of e and A = 32 when ¢ = 2, find
the value of e when 4 = 8. 1 or ~1

3. The price of a diamond varies directly as the square of its mass in carats.
If a 1.5 carat diamond costs $2700, find the cost of a 3 carat diamond. $10,800

Study Guide, ALGEBR” Structure and Method, Book 1
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12-7 Direct and Inverse Variations Involving Squares (continued)

Example 2  Given that A varies inversely as the square of 7, and that r = 3 when h = 18,
find the value of r when i = %
Solution 1 Useh = 1g=% Solution 2 Use r,%hy = r?h,
r
162 =k 2 _ 2< 3
= 202 @l =5y To_\)
2 2
o s o i 3 e 162 = 72
A TR T R 10
32 = 1620 3r,2 = 1620
2 =540 2
— = 540
r= +3540 ; "2 .
= +6V15 ry = +V540
rp = +6v15
Solve. Give roots to the nearest tenth. You may wish to use a calculator.
4. Given that /i varies inversely as the square of r, and that » = 4 when h = 25,
find the value of » when 2 = 4. 10 or - 10
5. Given that h varies inversely as the square of r, and that r = 5 when & = 36,
find the value of h when r = 15. 4
6. Light intensity varies inversely as the square of the distance from the source.
At 2 m, an intensity scale has a reading of 6. What will be the reading at 6 m? 0.7
7. The distance it takes an automobile to stop varies directly as the square of
its speed. If the stopping distance for a car traveling at 80 km/h is 175 m,
what is the stopping distance for a car traveling at 48 km/h? 63 m
8. The height of a cylinder of a given volume is inversely proportional to the
square of the radius. A cylinder of radius 4 cm has a height of 12 cm.
What is the radius of a cylinder of equal volume whose height is 48 cm? 2 cm
9. The length of a pendulum varies directly as the square of the time in
seconds it takes to swing from one side to the other. If it takes a 100 cm
pendulum 1 s to swing from one side to the other, how many seconds does
it take a 50 cm pendulum to swing? 0.7 s c_-s8
Lhhr= s;C+0
c
. v : _ 2at - 2d
Mixed Review Exercises 2.v=s—_—a%+0
et , gt 24 - hb
Solve for the indicated variable. State any restrictions. 3.¢= 5 h+0
1LS=Cl—nr 2.4=92-9, 3.4=H0019 .

2 2

Write an equation, in standard form, of the line passing through the given points.

4. 2,5,@,6) x -2y = -8 5.(0,2),(—4, 1) 6. 2,3, (-1, x -y = -1
X -4y = -8
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12-8 Joint and Combined Variation
Objective: To solve problems involving joint variation and combined variation.
Vocabulary

Joint variation When a variable varies directly as the product of two or more
other variables. You can express the relationship in the forms

z = kxy, where k is a nonzero constant,
% )
and L. .
*171 *22

You say that z varies jointly as x and y.
Combined variation When a variable varies directly as one variable and
inversely as another. You can express the relationship in the forms

7y =kx (orz = %), where k is a nonzero constant,

1 (i)
and =
£51] x

You say that z varies directly as x and inversely as y.

Exampie 1  The volume of a right circular cone varies jointly as the height, 4, and the square of
the radius, r. If V| = 18487, hx =0, ry o= 14, h2 = 12, and Ty = 7, find Vz-
Vi &) L
Solution = Use the form for joint variation.
by
18487 % : )
=y Substitute the given values.
914> 1207?
9(196)V, = 12(49)(18481)  Solve for V.
1764V, = 1,086,624m
V, = 6léw

Solve. Give roots to the nearest tenth. You may wish to use a calculator.

1. d varies jointly as »and 7. If 4 = 75 when r = 30 and ¢ = 10, find d
whenr = 18and r = 6. 27

2. m varies jointly as v and the square of u. If m = 60 when v = 25
andu = 12, find u whenm = 9andv = 15. 6 or -6

3. The volume of a pyramid varies jointly as the height and the area of
the base. A pyramid 21 cm high has a base area of 25 cm? and a
volume of 175 cm®. What is the volume if the height is 15 cm and the
area of the base is 36 cm?? 180 cm®

Study Guide, ALGEBRA, Structure and Method, Book 1
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12-8 Joint and Combined Variation (continued)

36V,2 = 36(24)(6)  Solve for V.

Example 2  The power, P, of an electric current varies directly as the square of the voltage, V,
and inversely as the resistance, R. If 6 volts applied across a resistance of 3 ohms
produces 12 watts of power, how much voltage applied across a resistance of 6 ohms
will produce 24 watts of power?

. PRy By
Solution ETE e Use the form for combined variation.
1Z V.
1 2
1248} - H0) LetP, = 12,V, = 6,R, = 3,P, = 24,and R, = 6.
6* v,?

V22 = 144 Discard the negative root since a negative
- AR = voltage has no meaning.
V,= V14 = = 12 & g

12 volts will produce the required power.

Solve. Give roots to the nearest tenth. You may wish to use a calculator.

4.

10.

c varies directly as a and inversely as b. If ¢ = 16 when a = 96 and
b = 16, find c whena = 60 and b = 8. 20

. ¢ varies inversely as the square of 4 and directly as n. If ¢ = 1 when

h = 12andn = 25, find h whenc = 4.84andn = 4. 2.2 or —2.2

. w varies directly as u and inversely as v2. If w = 8 when & = 2 and

v =23 finduwhenv = 2andw = 27. 3

. If Q varies directly as the square of ¢ and inversely as the cube of r,

and Q = 108 whent = 12 and r = 2, find Q whent = 15and r = 3, 50

. The power, P, of an electric current varies directly as the square of

the voltage, ¥, and inversely as the resistance, R. If 6 volts applied
across a resistarrce of 3 ohms produces 12 watts of power, how much
power will 12 volts applied across a resistance of 9 ohms produce? 16 watts

. The volume of a cone varies jointly as its height and the square of its

radius. A certain cone has a volume of 1547 cm3, a height of 3 cm,
and a radius of 7 cm. Find the radius of another cone that has a
height of 7 cm and a volume of 264 cm3. 6 cm

The distance a car travels from rest varies jointly as its acceleration
and the square of the time of motion. A car travels 500 m from rest
in 5 s at an acceleration of 40 m/s2. How many seconds will it take
the car to travel 150 m at an acceleration of 3 m/s2? 10 s

Mixed Review Exercises

Solve each system.

("316)
L2x—-y= -1 2.x+ y=6 3. x—5y=2 4. 3x +2y =3
x—2y=12(8,-2) —x+5y=4(6,2) x+2y=9

x—y=-2(1,3)
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